Abstract. It is known that the polyomino ideal of a simple polyomino is a prime ideal. A new class of nonsimple polyominoes P for which the polyomino ideal I P is a prime ideal will be presented.
Introduction
The systematic study of the binomial ideals arising from polyominoes originated in the work [8] by the second author. First, we briefly recall fundamental materials and basic terminologies on polyominoes. We refer the reader to [8] for further information on algebra and combinatorics on polyominoes. (0.2) A cell of N 2 with the lower left corner a ∈ N 2 is the interval C = [a, a+(1, 1)]. Its vertices are a, a + (1, 0), a + (0, 1) and a + (1, 1). Its edges are {a, a + (1, 0)}, {a, a + (0, 1)}, {a + (1, 0), a + (1, 1)}, {a + (0, 1), a + (1, 1)}.
Let V (C) denote the set of vertices of C and E(C) the set of edges of C.
(0.3) Let P be a finite collection of cells of N 2 . Then its vertex set is V (P) = C∈P V (C) and its edge set is E(P) = C∈P E(C). Let C and D be cells of P. We say that C and D are connected if there exists a sequence of cells
We say that P is a polyomino if any two cells of P are connected. A polyomino Q is a subpolyomino of P if each cell belonging to Q belongs to P.
(0.4) Let A and B be cells of N 2 for which (i, j) is the lower left corner of A and (k, ℓ) is the lower left corner of B. If i ≤ k and j ≤ ℓ, then the cell interval of A and B is the set [A, B] which consists of those cells E of N 2 whose lower left corner (r, s) satisfies i ≤ r ≤ k and j ≤ s ≤ ℓ.
Let P be a finite collection of cells of N 2 . We call P row convex if the horizontal cell interval [A, B] is contained in P for any cells A and B of P whose lower left corners are in horizontal position. Similarly one can define column convex. We call P convex if it is row convex and column convex.
An edge of P is a free edge if it is an edge of only one cell of P. The boundary B(P) of P is the union of all free edges of P. A cell C of P is a border cell if at least one of the edges of C is a free edge. an interval with P ⊂ P [a,b] . Following [8] , we say that a polyomino P is simple if, for any cell C of N 2 not belonging to P, there exists a path C = C 1 , C 2 , . . . , C m = D with each C i ∈ P such that D is not a cell of P [a,b] . Roughly speaking, a simple polyomino is a polyomino with no "hole" (see [8, Figure 3] ).
(0.6) Let P be a finite collection of cells of N 2 with V (P) its vertex set. Let S denote the polynomial ring over a field K whose variables are those x a with a ∈ V (P). We say that an interval
where c and d are the anti-diagonals of [a, b] . Such a binomial f a,b is said to be an inner 2-minor of P. Write I P for the ideal generated by all inner 2-minors of P. Especially, when P is a polyomino, we say that I P is the polyomino ideal of P. Now, one of the most exciting algebraic problems on polyominoes is when a polyomino ideal is a prime ideal. It is known ( [4] and [7] ) that if a polyomino P is simple, then its polyomino ideal I P is a prime ideal. The polyomino ideals arising from simple polyominoes, however, turn out to be well-known ideals [6] arising from Koszul bipartite graphs. Thus, form a view point of finding a new class of binomial prime ideals, it is reasonable to study polyomino ideals of nonsimple polyominoes. In the present paper, a new class of nonsimple polyominoes P for which the polyomino ideal I P is a prime ideal will be presented.
Finally the fact [1] that a binomial ideal is a prime ideal if and only if it is a toric ideal ( [5, Chapter 5] ) explains the reason why we are interested in polyomino ideals which are prime.
Gröbner bases of polyomino ideals
Let P be a finite collection of cells of N 2 . Let, as before, S denote the polynomial ring over a field K whose variables are those x a with a ∈ V (P). We work with the lexicographical order on S induced by the ordering of the variables x a , a ∈ V (P), such that x a > x b with a = (i, j) and b = (k, ℓ), if i > k, or, i = k and j > ℓ.
We refer the reader to [ Figure 1 . Since P is a polyomino, it follows that there is a path of cells of In other words, there is 1 < j < n for which D j = [c ′ , c ′ + (1, 1)] satisfies one of the followings:
Nonsimple polyominoes whose polyomino ideals are prime
We now come to the main result of the present paper.
Theorem 2.1. Let I ⊂ N 2 be a proper interval of N 2 and P a convex polyomino which is a subpolyomino of P I . Let P c = P I \P and suppose that P c is a polyomino. Then the polyomino ideal I P c is a prime ideal.
Proof. We may assume that B(P) ∩ B(P I ) = ∅; otherwise, P is a simple polyomino (see Figure 2 ) and, as was stated, the result follows from [4] and [7] . 2 that x c cannot divide the initial monomial of any binomial belonging to the reduced Gröbner basis of I P with respect to < lex . Hence x c is a nonzero divisor of S/in < lex (I P c ) and thus x c is a nonzero divisor of S/I P c as well. Hence the localization map S/I P c → (S/I P c ) xc is injective. Here (S/I P c ) xc is the localization of (S/I P c ) xc at x c . Thus, in order to prove that S/I P c is an integral domain, it suffices to show that (S/I P c ) xc = S xc /(I P c ) xc is an integral domain. For this, we will show that (I P c ) xc = I P ′ , where P ′ is a simple subpolyomino of P c , which guarantees that (I P c ) xc is a prime ideal ( [4] and [7] ). Let A = {p 1 , . . . , p n } denote the set of those p i ∈ V (P c ) for which there is an interval [r i , q i ] of P c whose anti-diagonal corners are c and p i . See Figure 3 .
One has r i ∈ [a, c] and q i ∈ [c, b]. Since x r i x q i − x c x p i ∈ I P c and since the variable x c is invertible in S xc , one has
in S xc /(I P c ) xc Thus, in S xc /(I P c ) xc , the variables x p i with p i ∈ A can be ignored.
Let p i and p j belong to A for which [p i , p j ] is an interval in P c . It then follows that the anti-diagonals of [p i , p j ] are also contained in A. Thus
Let [v, p i ] be an interval of P c with p i ∈ A and v / ∈ A, then by using the fact that
is an interval of P c with p i ∈ A and v / ∈ A and if p i ′ ∈ A and v ′ ∈ A are the anti-diagonal corner of
Let P ′ be the collection of cells contained in P c obtained by removing all the cells that appear in
. We choose (i 1 , j 1 ) ∈ V (P) such that, for any (i 2 , j 2 ) ∈ V (P), one has either i 1 < i 2 or (i 1 = i 2 and j 1 < j 2 ). Similarly, we choose (k 1 , ℓ 1 ) ∈ V (P) such that, for any (k 2 , ℓ 2 ) ∈ V (P), one has either ℓ 1 > ℓ 2 or (ℓ 1 = ℓ 2 and k 1 > k 2 ). In V (P ′ ), we identify the vertical interval [a, (i,
. Then, with this identification and by using the above discussion, one has
Now, what we must prove is that P ′ is a simple polyomino. First we claim that P ′ is a polyomino. Let B be the collection of border cells of P [a,b] belonging to P ′ . Then B is connected. Since every cell of P ′ is connected to at least one of the cells belonging to B. Hence P ′ is connected. Thus P ′ is a polyomino, as desired. Second, we claim that P ′ is simple. Let J be an interval such that P ′ ⊂ P [a,b] ⊂ P J . If P ′ is not a simple polyomino, then one has a cell D / ∈ P ′ for which every path connecting D with a cell not belonging to P J is interrupted by some cell of P ′ . The inclusion P ′ ⊂ P c shows that D must be a cell of the convex polyomino P. Then all the cells of P c whose edge sets intersect B(P) must be contained in P ′ , which cannot be possible by our construction of P ′ . Hence P ′ is simple, as required.
Some examples
Let P be a convex polyomino and Q a convex subpolyomino of P such that P c = P \ Q is a nonsimple polyomino. Let I = [(i 1 , j 1 ), (k 1 , ℓ 1 )] be the smallest interval of N 2 containing Q and J = [(i 2 , j 2 ), (k 2 , ℓ 2 )] be the smallest interval of N 2 containing P. If a = (i 1 , ℓ 2 ), b = (k 1 , ℓ 2 ), c = (k 2 , ℓ 1 ), d = (k 2 , j 1 ), e = (k 1 , j 2 ), f = (i 1 , j 2 ), g = (i 2 , j 1 ), h = (i 2 , ℓ 1 ) ∈ V (P) and (k 2 , ℓ 2 ), (k 2 , j 2 ), (i 2 , j 2 ), (i 2 , ℓ 2 ) / ∈ V (P), then the polyomino ideal I P c is not prime. Indeed, the binomial u(aceg −bdf h) ∈ I P c and u, aceg − bdf h / ∈ I P c , where u = (k 1 , ℓ 1 ). Figure 4 gives an example of such a nonsimple polyomino.
However, the polyomino in Figure 5 shows a nonsimple polyomino whose polyomino ideal is prime.
The Figure 6 shows a nonsimple polyomino with four holes whose polyomino ideal is prime. 
